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ABSTRACT 
Our general perturbation formalism1 for the propagation of Rayleigh waves on the surface 
of initially deformed anisotropic material plates is applied to the problem of separation of 
material texture and stress. The preferential alignment of crystallographic axes in a polycrystal-
line material is described in terms of their orientation distribution function2. We consider expli-
citly the case of an orthotropic distribution of cubic crystallites, which occurs, for example, in 
aluminum and steel alloys. The measured values of the Rayleigh wave phase velocity at dif-
ferent angles on the material plate can be used for the determination, in a reference plate with 
similar texture, of the three coefficients W 4o<h W 420 and W 440, which characterize the orientation 
distribution. An extension of the formalism then allows us to separate the acoustoelastic effects 
of the initial stresses. An error analysis and a comparison with similar techniques using grazing 
SH-waves complete our discussion. 
INTRODUCTION 
In the past two years several papers3- 10 have been devoted to the problem of ultrasonic 
characterization of texture in polycrystalline metal plates. The problem is important both for its 
immediate practical applications (e.g. quality monitoring of aluminum products) and for the need 
of separating stress and texture effects in the acoustoelastic determination of applied and/or resi-
dual stresses. In this paper we wish to address the latter problem (separation of stress and tex-
ture effects) in the particularly important case of an orthotropic distribution of cubic crystallites, 
observed in rolled plates of aluminum, copper and iron alloys. 
The texture, or preferential alignment of crystallographic axes, can be conveniently 
described2 in terms of the orientation distribution coefficients (ODC). The ODC's completely 
determine the orientation distribution function, which gives the probability that a single crystal-
lite has its axes at a certain solid angle to the symmetry axes of the aggregate. Due to sym-
metry considerations there are, in our case, only three independent nonzero ODC's (W400, W420 
and W440, as defined in Ref. 2), which can be measured ultrasonically. 
The acoustoelastic effect, i.e. the change in the ultrasonic phase velocity due to the pres-
ence of a stress field, and the analogous effect of texture are assumed to be small, as it is usu-
ally the case, so that they can be treated perturbatively1• Both bulk and surface waves can be 
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used (e.g. SH- and Rayleigh waves) and both have their merits and limitations. The present 
treatment is restricted to Rayleigh waves (RW). 
In our treatment we distinguish between a direct and an inverse problem. In the direct 
problem the RW phase velocity is calculated as a function of the texture (ODC's) and of the 
principal stresses. Both texture and stress are assumed to be homogeneous within the penetra-
tion depth of the RW. The principal stresses, a1 and a2, are assumed to be parallel to the plate 
surface. In the inverse problem the ODC's and principal stresses are determined from a set of 
RW phase velocity measurements at different propagation angles with respect to the material 
symmetry axes. The possibility of inverting the formulas for the RW velocity and, conse-
quently, determining the ODC's and principal stresses, is a basic advantage of the perturbative 
treatment. 
DIRECT PROBLEM 
We wish to calculate here the phase velocity of a Rayleigh wave propagating on the sur-
face of an initially stressed homogeneous material plate. We assume that the material is a 
polycrystalline aggregate, having an orthotropic distribution of cubic crystallites. We also 
assume that the initial stresses and anisotropy are relatively small, so that a perturbative treat-
ment is appropriate. For the perturbative treatment we assume as "zero order approximation" 
an unstressed hypothetical isotropic material with Lame constants >. and p, having values close to 
those of the elastic constants Cj2 and C44 of the cubic crystallites. We note here that cubic 
crystals have only three independent second order elastic constants: C ?1 = C22 = C33 , 
Cj2 = Cj3 = C23 and C44 = C55 = Cl\6 (in Voigt's notation). Defining the anisotropy as 
our assumption means that I c I must be small. For convenience we shall choose 
>. = Cj2 + c !5 
p, = C44 + c !5 
(1) 
(2) 
The perturbative tr.eatment allows, as we have noted earlier, the solution of the inverse 
problem. Another advantage is that all effects are linearized and can be treated independently, 
so that effects due to other causes, such as small temperature changes or external magnetic fields 
can also be included. 
The geometry of the problem is illustrated in Fig. 1. We consider a system of axes xk 
with x 1 and x 2 on the plate surface. x 2 is the propagation direction. We also consider two other 
sets of axes xk' and xk" with x; = x;' = x 3 normal to the plate surface. x{ and x; are 
material symmetry axes and x {' and x;' are principal stress axes. We call cp the angle between 
x 1 and x;, 8 the angle between x 1 and x ;· and x = 8 - cp. We call v the RW velocity in the 
textured prestressed material, v the RW velocity in the hypothetical isotropic unstressed material 
and v' = v - v their difference, which we consider as a perturbative correction. The details of 
the perturbative treatment are given elsewhere1. We report here the final formula for the rela-
tive change in RW velocity v'/v due to the principal stresses a1 and a2 and to the anisotropy 
correction to the second order elastic constants in the xk'-system: 
(3) 
where, following our general notation, Ckm are the elastic constants for the textured prestressed 
material and Ckm are the elastic constants for the hypothetical isotropic material. . 
(C12 = C13 = C23 = >., C44 = Css = C66 = p,, C 11 = C 22 = C 33 = >. + 2p,, all the other 
ckm = O) 
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Fig. 1 Plane x3 = x; = x;· = 0, representing the material plane surface. x2 is the propa-
gation direction; x; and x; are material symmetry axes; x;· and x;· are principal 
stress axes. 
From Ref. 1 we have 
where 
and 
v' 1 . 4 - ' 4 - ' · 2 2 - ' - ' 
- =- {A 2222 [sm cpC11 +cos cpC22 +2sm cpcos cp(C12 +2C66 )] 
v 2p. 
2 -' 2 -' + A2233(sin cpC13 +cos cpC23) 
2 _, 2 _, _, 
+ A23 (sin cp Css +cos cp C44) + A3333 C33} 
+ UuU/fL- a 11 COS 28 li/fL 
A2222 = a [ (up + u - 2p) ~- u (1 - p) !2] /(p - u) 
A2233 = a[2(2-u)~-u] 
A23 = a(2-u)[4~-u/(2-2u)] 
A3333 = A2222 (1 - u /p) 
a = 2(u - 1)(u - p) 
u(2u2 - 3up + u + 2p - 2) 
~ = pI (2 - 2p) + l!u 
p ="Alp.+ 2 
u = pv2/p.. 
(4) 
(5) 
(6) 
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Also 
and 
u = u1 + u2 
.6. = u1 - u2 
3 
au= aoO + I; auk Pk!P. 
k = 1 
3 
all. = al!.o + I; al!.k Pk/P. 
k = 1 
Here, P1, Pz and P3 are third order isotropic elastic constants. 
Finally 
al!.o = [(2p + 1) A2222 + (>.Jp.)Az233 + A23 + Am2l/4 
a1!.1 = 0 
a1!.2 = (2A2222 + A2m) /4 
a1!.3 = (4A 2222 + A2323) /4 
(7) 
(8) 
ao0 = a 1!.0 + { 1 - (2p - 3) [p (A 2222 + A3333) + >.A 2233 + A23 ] )/ (6p - 8) (9) 
au1 = (A2222 + A2233 + Am3) I (6p - 8) 
au2 = a1!.2+[(6-2p)(A2222+Am3)-2>./p.A2m+A 23 ]/(6p -8) 
au3 = ai!.3-A/p.(2A2222+A23+2A3m)/(3p -4) 
We now need to correlate our c,;, to the ODC's W400, W420 and W440. Following the 
treatment of Ref. 2 we find 
where 
and 
t~ = c (0.4 - 2 < 'kk > ) 
c,;, = c( < rkm > - 0.2) 
tkk = c ( < 'kk > - 0.2) 
(k = 1,2,3) 
(k * m = 1,2,3) 
(k = 4,5,6) 
< 'u > = 0.2- a (3 w 400- 2-v'IO w420 + .J70 w 440) 
< r 22 > = 0.2 -a (3 w 400 + 2-v'IO W420 + .J70 w 440) 
< r33 > = 0.2- 8a W 400 
<r44 > = <r23> =0.2-4a(2W4oo+-v'WW42o) 
< r 55 > = < r 13 > = 0.2- 4a(2 W400 - -v'10 W420) 
< r66 > = < '12 > = 0.2 + 2a (W 400- .J70 W 440) 
z.Ji 2 
a=--?r 
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From Eqs. (4), (10) and (11) it follows 
v' = b0 W400 + b 1 W420 cos2<P + b2 W 440 cos4</l + buu- b 1!..6.cos2() 
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(10) 
(11) 
(12) 
(13) 
where 
cv bk =- ak (k = 1,2,3) 
p. 
b,=.!.a, (14) 
and 
p. 
v btl = - all p. 
0:0 = a (3A2222 + 8A3333- 4A2233- 4A23) 
a1 = 2a .JIO(A2222- A2233- A23) 
a2 = a v'?OA2222 · 
(15) 
Since the angle x does not change with the propagation direction and 8 = q, + x, Eq. (13) 
can be rewritten as 
where 
B0 = b,u+b0 W400 
B 1 = b 1 W 420 - b11 4cos2x 
B2 = b2 w440 
B 3 = b 11 4sin2x 
(16) 
(17) 
The coefficients bk, b, and b 11, given in Eq. (14), are related to the coefficients ak (Eq. 
15) and a, and a 11 (Eq. 8). It is useful to note that the coefficients ak> auk and a Ilk depend 
only on the ratio 'Alp. or, equivalently, on the Poisson's ratio 11. The coefficients ak are plotted 
in Figs. 3 and 4 of Ref. 6. The coefficients auk and a Ilk are plotted in Figs. 3 and 4 of Ref. 1. 
INVERSE PROBLEM 
From Eq. (16) it is clear that the coefficients Bk (k = 0,1,2,3) can be easily obtained from 
velocity measurements at 4 different angles. If the 4 angles are q, = - 45° , 00 , 45° and 900 , 
one obtains 
B0 = [v' (- 45°) + v' (00) + v '(45°) + v '(90")] /4 
B 1 = [v' (00) - v' (90")] /2 
B2 = [-v'(-45°)+v'(00)-v'(45°)+v'(900)]/4 
B3 = [v'(-45°)-v'(45°)]/2 
(18) 
W440 can be immediately obtained from B2• However, as it is clear from Eq. (17), the 
effects of stress and texture are competing so that it is not possible to obtain the other ODC's 
and the principal stresses by one set of RW velocity measurements on a prestressed textured 
material plate. The difficulty can be surmounted if a similarly textured unstressed reference 
specimen is available. Then 
B~ef = b0 W 400 
B!ef = bt W420 (19) 
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from which W400 and W420 can be easily obtained. We expect B'ief :::::: B2 and B'3ef :::::: 0 for an 
appropriate choice of the reference specimen. It then follows: 
a = (Bo - B'Qef) !ba 
.l = .VB} + (B 1- B!ef)2 !b A (20) 
B3 
x = 1!2 arctan -....,1--B!e - B1 
A special case occurs when the principal stress axes and the material symmetry axes are 
known to coincide. Then x = 0° and 
.l = (B!ef - B 1)/ b A (21) 
In order to apply Eq. (18), absolute measurements of the RW velocity v(cp) at different 
angles cp are needed. Then the isotropic velocity vis subtracted to obtain v' = v- v. A good 
approximation for v is given by 
v= 
0.87 + 1.12v 
vr 1 + p 
(22) 
where v is the Poisson's ratio 
v = A/ [ 2 (A + p.)]. (23) 
A more accurate determination of v can be obtained by the numerical solution of the Rayleigh 
wave equation 
(24) 
where vr = .J p./ p is the transverse (shear) velocity and vL = .J (A+ 2 p.)/ p is the longitudinal 
velocity. 
Another approach becomes necessary if only measurements of the differences between the 
velocity v(cf>) and the velocity at a fixed angle v(c/>0 ) are possible (or reliable). Choosing 
c/>0 = 0° , we define 
In this case we have 
B 1 = h(90°)!2 
B2 = [h ( -45°) + h (45°)-h (90°)]14 
B3 = [h(45°)-h(-45°)]!2 
(25) 
(26) 
from which W 420, W 440 and .l can be determined as before. In this case there is no need to cal-
culate v and subtract it from v( cf>). Also it is much less crucial to precisely determine the dis-
tance used in calculating the RW velocity from time-of-flight measurements. The price paid is 
that relative measurements do not allow determination of W 400 and a. 
ERROR ANALYSIS AND DISCUSSION 
The formulas which we have obtained for the determination of W 400 , W 420, W 440 , a and .l 
allow a very simple error analysis. As an example, from 
W40{; = B'Qef !b0 
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it follows 
dW;job 
w400 = 
which separates the experimental error in the determination of B0ef from the error db0 /b0 , 
which originates from a possibly inaccurate knowledge of the elastic constants for the cubic 
crystallites q 1 , q2 and C« . 
(27) 
If we assume that all measurements of v '( rf>) carry the same standard deviation d v ', it fol-
lows 
(28) 
The errors due to the experimental measurements of v'(rp) can be greatly reduced if measure-
ments are performed at more than 4 different angles and a least square analysis is performed. 
The procedure is illustrated in Ref. 5, where plots of v '< rf>) and h ( rf>) show the expected angular 
dependence with an acceptable standard deviation. 
Since b0 = cvak!P. (k = 1,2,3), the error db0 /b0 depends on the relative variation of 
c, v, ak and p. with the elastic constants C!1 , C!2 and C«. In Ref. 6 we have shown, how-
ever, that the corresponding errors are rather small, except for the anisotropy c . Therefore 
(29) 
Other important sources of error, which need to be investigated in practical cases, lie in 
the assumption that the crystallite distribution is homogeneous and orthotropic (which in some 
cases may not be an adequate model) and in the use of a reference specimen, which may have a 
somewhat different texture or residual stress field. The latter difficulty is obviously less severe 
when the determination of applied stresses is required, since then the same material plate before 
the application of the stresses can be used as reference specimen. In the case of residual 
stresses it is difficult to fabricate a stress relieved plate with the same texture. Some understand-
ing of the relative roles of the residual stress and texture can be gained by a combination of RW 
measurements at different frequencies (to probe different depths of the plate) and SH measure-
ments made on layers cut from different depths of the plate. 5 
CONCLUSION 
We have presented a technique, which allows the determination of the ODC's W400 , W420 
and W 440 and of the principal stresses in material plates, characterized as having an orthotropic 
distribution of cubic crystallites. Except for W 440, which can be obtained directly, it is neces-
sary to have an unstressed reference specimen, with the same texture, in order to separate stress 
from texture effects by this method alone. This may present a problem, especially in the case of 
residual stresses, for which further investigation is required. A preliminary comparison11 
between results of measurements in plates of aluminum alloys using the present RW technique 
and an alternative technique based on SH-waves shows a substantial agreement. It must be 
remembered, however, that the two techniques measure in reality different things: surface 
values of the ODC's and stresses for the former and bulk values for the latter and some model-
ing is required for the correct interpretation of the results. 
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